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We consider two different effective polymerization schemes applied to D-dimensional, spherically 
symmetric black hole interiors. It is shown that polymerization of the generalized area variable 
alone leads to a complete, regular, single-horizon spacetime in which the classical singularity is 
replaced by a bounce. The bounce radius is independent of rescalings of the homogeneous internal 
coordinate, but does depend on the arbitrary fiducial cell size. The model is therefore necessarily 
incomplete. It nonetheless has many interesting features: After the bounce, the interior region 
asymptotes to an infinitely expanding Kantowski-Sachs spacetime. If the solution is analytically 
continued across the horizon, the black hole exterior exhibits asymptotically vanishing quantum- 
corrections due to the polymerization. In all spacetime dimensions except four, the fall-off is too slow 
to guarantee invariance under Poincare transformations in the exterior asymptotic region. Hence the 
four-dimensional solution stands out as the only example which satisfies the criteria for asymptotic 
flatness. In this case it is possible to calculate the quantum-corrected temperature and entropy. 
We also show that polymerization of both phase space variables, the area and the conformal mode 
of the metric, generically leads to a multiple horizon solution which is reminiscent of polymerized 
mini-superspace models of spherically symmetric black holes in Loop Quantum Gravity. 
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I. INTRODUCTION 

Polymer quantization [l], 0] (sometimes known as Bohr 
quantization) provides an unitarily inequivalcnt alterna- 
tive to Schrodinger quantization. It has gained impor- 
tance of late because of its deep connection to Loop 
Quantum Gravity (LQG) [![, and has been success- 
fully applied to simple quantum mechanical systems 
0, y, [j] as well as mini-superspace models for gravita- 
tional systems. Investigations of loop quantum cosmol- 
ogy H la Hand spherically symmetric black hole inte- 
riors [1, EL E3, EH have provided strong evidence 
that polymer quantization may resolve the classical sin- 
gularities of general relativity. 

The full polymer quantized dynamics is non-trivial 
even in simple models. It is therefore reassuring that 
there exists a limit of the polymer theory which retains 
some of the properties of the discretized theory while 
giving rise to a solvable set of dynamical equations. Re- 
cently, this effective poly merization technique was used 
to great effect [ij [Tol I 111 [l2j to investigate polymer cor- 
rections to the interior of Schwarzschild black holes in 4-D 
spacetime. It is generally accepted that different quan- 
tization schemes (i.e. different choices of canonical vari- 
ables) can lead to qualitatively different results, depend- 
ing on which of the geometrical phase space variables in- 
herit the discrete polymer structure. Corichi and Singh 
have postulated a reasonable set of consistency condi- 
tions which lead to a unique loop quantum gravity mo- 
tivated quantization scheme in the case of homogeneous, 
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isotropic cosmology [14| as well as Bianchi I cosmologies 
[l5| . It is not clear whether an analoguous unique, consis- 
tent candidate exists for less symmetric situations, such 
as black hole interiors. One of the main purposes of this 
paper is to examine this question. 

We investigate in detail the consequences of a non- 
standard choice of effective polymer dynamics for spher- 
ically symmetric black hole interiors in arbitrary space- 
time dimension greater than three. The results in 4-D 
were presented in condensed form in (lrlj . Here we give 
the details, including results for all spacetime dimensions 
and an analysis of the dependence on auxiliary parame- 
ters such as the fiducial cell size introduced to regulate 
the integral along the non-compact spatial dimension. It 
proves convenient to use the formalism of generic dilaton 
gravity [13], which describes the spherically symmetric 
sector of Einstein gravity in arbitrary spacetime dimen- 
sion as well as several other 2-D models of potential in- 
terest. Since we are not tied to a particular microscopic 
quantum gravity theory, we will consi der poly merization 
schemes different from those of 0, E3 llll [l2| . We work 
with the paramctrization of the geometric phase space 
variables that emerges naturally in the context of generic 
dilaton gravity. One of the variables is of course the dila- 
ton itself, which, in higher dimensional Einstein gravity 
is proportional to the area of spheres at fixed distance 
from the center of symmetry. The other is the conformal 
mode of the 2-D metric, which is related to the confor- 
mal mode of the physical higher dimensional metric by a 
non-constant rescaling. 

We show first of all that polymerization of the area 
alone gives rise to qualitatively different spacetimes than 
does polymerization of both area and conformal mode. 
While in both quantizations the singularity is replaced 
by a bounce, the former leads to a single-horizon solu- 
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tion whereas the latter exhibits a cyclic behavior with 
multiple horizons, reminiscent of the results of [H fl2j |. 
As in previous works, both approaches yield a bounce 
radius that does depend on an extra parameter, suggest- 
ing that such models are inconsistent, as argued in [14| . 
We discuss in some detail this aspect of the model and 
conclude that area polymerization, in particular, while 
necessarily incomplete due to the dependence on fiducial 
scale, nonetheless yields quantum-corrected black hole 
spacetimes that are deserving of further study because of 
their intriguing generic properties. The resulting space- 
times depend on only two physical parameters, namely 
the black hole mass, and the bounce radius. The latter 
depends on both the polymerization scale and a scale in- 
variant version of the fiducial cell size, which needs to be 
fixed by heuristic arguments. It is reasonable to assume 
that it is roughly of the order of the Planck scale. The 
interior spacetime avoids the classical singularity, but the 
bounce is not cyclic as there is only a single bifurcative 
horizon. After the bounce the physical metric describes 
an infinitely expanding Kantowski-Sachs [l8[ spacetime. 
The polymerization thus generically drives the system 
into an asymptotic interior end-state that is not a small 
correction to the classical spacetime. The resulting sce- 
nario is reminiscent of past proposals for universe cre- 
ation in black hole interiors via quantum effects [l9|, Eil • 



We also show that for D > 4 the solutions have strange 
asymptotic properties in the exterior region. While the 
solutions are all asymptotically flat in the sense that the 
metrics go to the Minkowski metric at infinity, in all di- 
mensions except four the fall-off is too slow to guaran- 
tee the finiteness of the Poincare generators. A global 
asymptotically flat black hole spacetime can only be con- 
structed for D = 4. This four-dimensional quantum- 
corrected black hole spacetime turns out to have fasci- 
nating properties which we review. Wc also present new 
results in 4-D for the quantum-corrected black hole tem- 
perature and entropy. As expected from previous work 
(see for instance, Refs. [U El, E! EI El ) , the lowest 
order correction for the entropy in 4-D is logarithmic. 



The paper is organized as follows. In Section II we 
review classical generic dilaton gravity, including its re- 
lationship to higher dimensional spherically symmetric 
Einstein gravity, Hamiltonian analysis and solution to 
the Hamilton- Jacobi theory. Section III describes in gen- 
eral the effective approach to polymer quantization. Our 
main results arc in Section IV, which contains the poly- 
merized (both partial and full) solutions for higher di- 
mensional black hole interiors, as well as the extension of 
the solutions to the exterior. We also dedicate a subsec- 
tion for a critical examination of the results obtained, in- 
cluding a discussion about the role of fiducial structures. 
Section V describes the specifics for 4-D and derives the 
thermodynamic properties, while Section VI ends with 
some conclusions and prospects for future work. 



II. CLASSICAL THEORY 

Although the classical theory is well known, it is in- 
structive to recall the main features that must be recov- 
ered in the appropriate classical limit of the polymerized 
theory. Furthermore, by doing so wc highlight the clas- 
sical scale invariance that plays an important role in the 
effective polymer theory. 



Action and Solutions 



Let us begin with the action 



4>R{g) 



(i) 



which is, up to conformal reparametrizations of the met- 
ric, the most general 1 + 1-dimensional, second order, 
diffeomorphism invariant action depending on the metric 
tensor g^ v and the dilaton scalar </> [l?], Ea E3 ■ ^ n this 
expression, I is a positive constant with a dimension of 
length and G is the dimensionless two-dimensional New- 
ton's constant. The quantity S is dimensionless, provid- 
ing we consider units in which H = 1. Specific theories 
are obtained by specifying the dilaton potential V ((/>). 

The equations implied by the action |T]) are ex- 
actly solvable and obey a generalized Birkhoff theorem 
(Hf. The general solution can be written in "interior 
Schwarzschild" form: 

ds 2 = - [21GM - j {(/))] ~ l l 2 d(j) 2 +[2lGM- j (</>)] dx 2 , (2) 

where j(<j>) satisfies 

1 = m- 



(3) 



The integration constant M represents the Arnowitt- 
Deser-Misner (ADM) mass which we take to be positive. 
Although more general models may be studied, in this 
paper we assume that j(<j>) is a monotonic function such 
that j(<j>) — ► when 0^0. The solution then contains 
precisely one Killing horizon [UEHEil at 4>h, such that: 



(4) 



j'(^h) = 21GM. 



The action JT]) describes a wide range of theories, each 
characterized by a different dilaton potential V{<f). For 
instance, in Jackiw-Teitelboim model [30j | V(<f>) is a lin- 
ear function of <p whereas in Callan-Giddings-Harvey- 
Strominger (CGHS) theory [3l| V{cj>) is a constant. Of 
prime importance for the present work is that the action 
(TTJ also describes the radial sector of a spherically sym- 
metric spacetime in D = n + 2 dimensions. A precise 
correspondence can be obtained with the identifications: 
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8(n- 
V{4>) = (n-l 



l^G^+^n 
8(n- 

n f r \ " 

TTwJ 



8(n-l) 



-l/n 



(5a) 
(5b) 

(5c) 



where G^ n+2 ^ is the D-dimensional Newton's constant, r 
is the radius of a rotationally invariant two-sphere, and 
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27r(" +1 )/ 2 

r(|(n + i)) 



(6) 



is the area of the n-dimcnsional unit sphere. The dilaton 
has a geometrical interpretation as the area of an invari- 
ant n-spherc at fixed distance from the center of spherical 
symmetry. 

The two-dimensional metric in the action (fTJ) is related 
to the physical D-dimensional metric by 



dv 2 

"■^phys 



ds 2 

W) 



r 2 dQ: 



(7) 



where cMl 2 is the line element of the unit n-sphere given 
in terms of the angular coordinates 9i by: 



dfl 2 n = dOf + sin 2 (6>i ) d9j + sin 2 (0i ) sin 2 (0 2 ) d0\ 

n-1 

■ ■■ + l[sm 2 (e l )de 2 n . 



(8) 



The physical metric has a curvature singularity at 
j(4>) = 0, and when Eqs. §5§ are substituted into the 
metric, it takes the form of the _D-dimensional (interior) 
Schwarzschild solution 13211 : 



cU 2 

L °phys 



- 1 



dr 2 



-l\dx 



where the Schwarzschild radius rg is given by 
B. Hamiltonian Formulation 



r 2 dn 2 n , 

(9) 
(10) 



We shall now proceed to the Hamiltonian formulation 
of the theory. We restrict to homogeneous slices in the 
interior. It is convenient to parametrize the metric in the 
action (fTJ) as 



ds 2 = e 2 P(-a 2 dt 2 + dx 2 



(11) 



where p = p(t) and a = a{t) is the lapse function. Be- 
cause the action involves an infinite integral over a space- 
like coordinate x, we shall perform all the calculations 



inside a finite fiducial cell by restricting the integration 
over a finite interval L = J dx. While this is a standard 
procedure in the existing LQG mini-superspace models, 
we note that it differs from our previous approach in (l6j 
where the equations of motion were solved directly from 
the Lagrangian density without explicitly performing the 
integration. 

In terms of the parametrization and after inte- 

grating over a finite fiducial interval Lq, the action reads: 



s= dt n 



n rf 



(12) 



where a dot denotes a derivative with respect to the time 
coordinate t and the single (Hamiltonian) constraint is: 



g = -^n n p 

^0 



L e 2 » 



V 
2l 2 G 



0. 



(13) 



The symbol « denotes a weak equality in the Dirac sense: 
it can only be imposed after all Poisson brackets are eval- 
uated. Since the metric is homogeneous, no timclike 
boundary terms arc needed to complement this action. 
The resulting Hamiltonian equations of motion are: 
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n„ 



Lap 
aG' 

aG ' 



dV 



2l 2 G d<f> 



(14a) 
(14b) 
(14c) 
(14d) 



It is important to note that with the identifications in 
([5]) , the system above is related to spherically symmetric 
Einstein gravity in spacctimc dimension three or higher 
by a simple point canonical transformation. For example, 
for D = 4, the Hamiltonian (Ti"3"|) can be converted to the 
loop quantum gravity Hamiltonian of Ref. pd| by the 
following canonical transformation: 



Pa = 



P b = 2L e^ 1 / 4 



7^ , •yllp 



4 160' 

7__- 

2L 



(15a) 



e-m^- 1 / 4 , (15b) 



where Z = Zpi = 1 has been used. This transformation is 
regular for qb > 0. 

As expected Eqs. ()12lll4j) describe a parametrized 
Hamiltonian system with two physical phase space de- 
grees of freedom. The Hamiltonian constraint (fl3|) im- 
plies that time is embedded in one of the phase space 
coordinates, so that one needs to gauge fix (i.e. choose 
a time coordinate) in order to obtain unique evolution 
equations. Instead of following this procedure directly, 
for what follows it is useful to first obtain the classical so- 
lutions from the Hamiltonian constraint using Hamilton- 
Jacobi (H-J) theory [33[. We look for an H-J function 
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S((j>, p) such that 

OS , . 

n = t^, (16a) 

n P = ^, (16b) 
so that on the constraint surface: 

£(§f)(f)+^P§- <») 

This equation is trivially separable and the ansatz S = 
.f(p)+g(<p) yields the complete solution for the Hamilton- 
Jacobi function 



xlG 



(18) 



where a and C are constants. The solution for p in terms 
of d> is obtained from: 



dS_ 

da 



L 



U 



(19) 



AIG~ "a 2 lG 

where (3 is the constant of motion conjugate to a. The 
solutions for momenta are given by 



n 







n, 



as v(4>) 

dd> ° alG 
aL 



dp 



21G 



e 



2p 



(20a) 
(20b) 



For the rest of the paper, we choose to work with posi- 
tive constants a and j3. This means that as long as e 2p is 
positive, a and <p have the same sign. This readily seen 
by the comparing Eqs. (|14bj) and (|20bj) . In the context 
of black hole spacetimes, this implies that when the lapse 
function a is negative, the time evolution moves from the 
bifurcative black hole horizon toward the future singular- 
ity at <j> = 0. For positive a, the time evolution moves 
from the past singularity towards the bifurcative horizon. 
The time coordinate cannot be extended past the horizon 
in this formalism, since at the horizon the homogeneous 
initial data surface becomes null. 

Given equations (JT5J) and (|2"0"1) . we have now a com- 
plete solution in terms of a single arbitrary function 
of time and two dimensionlcss integration constants a 
and p. This is consistent with the fact that this is 
a parametrized Hamiltonian system with a two dimen- 
sional physical phase space. It is illustrative to write the 
solution using <p as the time coordinates since 4> repre- 
sents the area of the throat of the Einstein- Rosen worm- 
hole in the extended Schwarzschild spacetimc. We first 
solve for the lapse function, 



a 2 = 



-it 2 



-4/.. 



(21) 



and substitute this, together with Q19p . into (fTTj) to ob- 
tain the physical metric in "interior Schwarzschild" form: 



V L 



(22) 



This line element is, up to a rcscaling of the spatial co- 
ordinate x, equivalent to © with a choice a 2 (3 = 2L M, 
which identifies the combination of phase space parame- 
ters that corresponds to the ADM mass. The conjugate 
to M can be interpreted by noting that the following 
transformation is canonical: 



M 
Pm 



a 2 P 

2L 
a 



(23a) 
(23b) 



It is clear from the solution, Pm = 2Lo/a is related to 
a residual rcscaling of the Schwarzschild "time" x. This 
is consistent with the Hamiltonian analysis of the ex- 
terior in which the conjugate to M corresponds to the 
Schwarzschild time separation of the spatial slice [26|, HH . 

To summarize, Eqs. (fl~9| and (|20[) provide the general 
solution to the theory in terms of Lq and two integra- 
tion constants a and (3. a parameterizes the arbitrary 
rcscaling of the coordinate x, which is the residual coor- 
dinate invariance after imposing homogeneity. There is 
also one one arbitrary function in the solution reflecting 
the time parametrization invariance still present in the 
theory. The Hamilton-Jacobi method will be used below 
to find the solutions in various polymerized versions of 
the theory. 



III. EFFECTIVE POLYMER DYNAMICS 

In the polymer representation of quantum mechanics 
P, one effectively studies the Hamiltonian dynamics on 
a discrete spatial lattice. The basis states are taken to 
be normalizable eigenstates \x) of the position operator, 
such that 



(x'\x) = 8 X > X . 



(24) 



where S x i x is the Kronecker delta and not the usual delta 
function. While in principle all real numbers are possi- 
ble for the eigenvalues x, the momentum operator that 
generates infinitesimal translations cannot be defined on 
this space as a self-adjoint operator. Instead one consid- 
ers the action of a finite translation operator tin 



Ufj,\x) = \x + p). 



e ifj,p. 



(25) 



The operators C/ M and x are self-adjoint with commuta- 
tor: 



[x, 



pU^. 



(26) 



In order to construct a quantum Hamiltonian one defines 
a momentum operator [l|: 



(27) 



The discretization parameter p > is considered to be 
fixed so that the Hamiltonian is defined on a discrete 
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subset of all possible spatial points and the theory effec- 
tively lives on a lattice with edge length p. In principle 
p can be a function of x, but in the following we assume 
that it is constant. In the limit p — ► 0, Eq. ([27]) reduces 
to the standard momentum operator p = —id x and one 
recovers the usual Schrodinger quantized system (35| . 

In many cases the full polymer theory is rather chal- 
lenging to analyze but fortunately one can get interesting 
results by investigating the effective limit of the theory, 
which corresponds formally to considering the limit in 
which quantum effects are small, but the polymerization 
scale p stays finite. In this limit the right hand side of 
Eq. ([27]) can be written in terms of a sine function of the 
classical momentum operator: 



P 



sin(/ip) 



(28) 



This effective polymerization approximation is the basis 
for recent analyses of black hole interiors [§, OjJ [HI, EH • 
It can be derived [HI, [13] by studying the action of the 
fully quantized operators on coherent states and expand- 
ing in the width of the states. The end result is to simply 
replace the classical momentum variable p in the clas- 
sical Hamiltonian function by s'm(pp)/p. After the re- 
placement, one studies the (semi)classical dynamics of 
the resulting polymer Hamiltonian by means of standard 
techniques. 



IV. POLYMERIZED SCHWARZSCHILD 
INTERIOR 

In order to be specific we now investigate spherically 
symmetric Einstein gravity in D = n + 2 dimensions, so 
that the dilaton potential, given explicitly by Eq. (|5c[) . 
behaves as V oc <j)~ x / n . In our considerations, we choose 
to work with a constant polymerization scale, despite 
the fact that in the context of loop quantum cosmol- 
ogy consistency with predictions requires a discreteness 
scale which depends explicitly on the polymerized vari- 
able^) n. Here we choose the simplest approach that 
produces reasonable semiclassical behavior and leave the 
study of other choices for future research. Implications of 
non-constant polymerization scale in some LQG inspired 
black hole scenarios has been considered, for instance in 
Refs. [IS [3. 



A. Partial Polymerization 

We first polymerize only the generalized area variable 
(j>. This is a somewhat "minimalist" approach in which 
we in introduce fundamental discreteness for the geomet- 
rical variable that is proportional to area in the spheri- 
cally symmetric theory while leaving the coordinate de- 
pendent conformal mode of the metric continuous. Ul- 
timately, the real justification for this procedure is the 
intriguing quantum corrected black hole spacetime that 



emerges. As we shall see, the partial polymerization has 
the advantage of yielding single-horizon solutions which 
are not frequently encountered in semiclassical gravity. 
The partially polymerized Hamiltonian constraint is 



G sin(/xll^) 
y = - 11,: 



L e 2 »- 



V 



L n 1 2l 2 G 
and the equations of motion are given by 



shi(/xn^,) 
p 

n p cos(/zn^) 



ctG" 

a G" 
^£0 2p 
2l 2 G 



dV 



0, (29) 

(30a) 

(30b) 
(30c) 
(30d) 



The key mechanism for singularity resolution via poly- 
merization is already evident in the above. Loosely 
speaking, <j) now vanishes at two turning points: the 
"classical" turning point when H p = and the semiclas- 
sical turning point: cos(pTL^) = 0. The former condition 
will turn out to be satisfied at the horizon as expected. 
In order to realize these turning points concretely and 
rigorously it is of course necessary to find solutions and 
fix a time coordinate. 

As in the classical theory, we search for a solution to 
the corresponding Hamilton- Jacobi equation in the form 
S = f(p)+g(i>) to find 



S 



AlG 



,2p 



arcsm 



alG 



d4> + C, (31) 



where a and C are constants. As before, we take a > 0. 
The expressions for the momenta are now: 



M 

n„ 



dS 1 . fL fiV\ 
— = - arcsm — — , 
ocp (X \ alG J 

dS ah 



dp 



21G 



(32a) 
(32b) 



Since the absolute value of the argument of arcsine can- 
not be greater than one, the polymerization imposes a 
condition on <fi. Using the expression (|5c|) for V ((/>): 



> 



( Lpp, 
[alG 



where 



n(n — 1)" 



(33) 



(34) 



The minimum value of <j> is located at the roots of the 
cosine function, as expected from (|30b[) . An inspection of 
the derivative <p verifies that this turning point is indeed 



a minimum. 
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To find the relationship between p and (j), we again 
differentiate S with respect to a: 



dS_ 

da 



(35) 



As before, (3 is a constant of motion that is conjugate to 
a. The explicit form of Eq. (|35j) depends on the given 
branch of the arcsine function. Eq. (|35[) can be written 
as 



(36) 



where 



/(») 



sin"(/in )' 



and we have defined 



V 

— = sin(/xll^), 

alG 
L fi' 



(37) 

(38a) 
(38b) 



In Eq. (|37|) . the value of e = ±1 depends on the given 
branch of fiTl,/,. The upper sign is valid in the branches 
where the cosine function is positive, which include the 
principal branch (— tt/2, 7r/2), whereas the lower sign is 
used elsewhere. The integral I^ n \ in turn, can be evalu- 
ated in terms of z in n-dimensions via recursive formula 
fH: 



dz 



: n VT 



(n- l)z r - 



n-1 



dz 



.n-1 



(39) 

For even values of n, the integral takes a rather compact 
form 13811: 



j(n) : 



1 



a' l a 



^ n-2k-l 

k=0 



,(n) 



2/n 



-1 



(ra-2fc-l)/2 



(40) 

Note that in the above equation we have fixed the value 
of the integral by the requirement I^ n '(4>min) = 0. This 
in effect makes the constant f3 independent of e so that 
e 2p is continuous at a branch cut of pH^, where e changes 
its sign. 



B. Singularity Avoidance 

In order to examine the properties of the interior solu- 
tion, we now again write the physical metric using (j> as 
the time coordinate: 



ds 



1 



phys 



-4Z 5 



\a 2 e 2 P{l-V 2 /a 2 ) 



+ e 2p dx 2 ^j+r{(f>) 2 dn 2 . 

(41) 



Equation (|41 [) illustrates that as before, the solution has 
a horizon when e 2p = 0, i.e. at 0h such that: 



(42) 



We take 0h to be the initial value of <j> so that the corre- 
sponding initial value of Hj, is 



arcsm 



alG \ (fin 



(43) 



Without loss of generality, we fix /j,U^ to be in the prin- 
cipal branch and because a is positive, /ill^ takes its val- 
ues between (0, 7f/2). Note that by choosing the principal 
branch, and assuming again that t increases toward the 
future, the negative values of a correspond to black hole 
hole solutions and the positive values of a correspond to 
white hole solutions, as in the unpolymcrized theory. 

Taking as the time variable, one can deduce, gener- 
ically, the following time evolution. At = II^ , the so- 
lution starts at the horizon. As II^ increases, <j> decreases 
until it reaches its minimum value at pH^ = tt/2. At this 
stage, (f> starts increasing again. However, when fiTl^ is 
in the range (n/2,ir) i e in ((37|) necessarily changes sign. 
Thus after the bounce e 2p does not vanish again, and the 
throat area expands to (f> — » oo in finite coordinate time. 
However, it can be verified that the expansion takes an 
infinite amount of proper time. Thus, our quantization 
scheme has produced a solution that avoids the singu- 
larity, but does not oscillate. The time evolution of the 
physical conformal mode, e 2p /j(4>), is illustrated in Fig. 
[T]for various dimensions. 



C. Asymptotics 

In order to examine the asymptotic behavior of the 
solutions we now write them in terms of the areal radius 
r. A straightforward calculation reveals that 



ds 2 

"^phys 



dr 2 



AW(r;M, k) (l - £) 



/ 2dx 



+A^{r;M,k)i^—j + r 2 df> 2 , (44) 
where we have defined 



A (n) ;= n-l f !6Gl n M T(n) 



V n 2 



n — 1 / r, 



.n-1 



71 — 1 



In these equations: 



/(«) := 



-J r W(r) 



: dr, 



yj\-k 2 lr' 



(45) 



(46) 
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FIG. 1: [colour online]. Physical conformal mode plotted as a 
function of II^ in the models where n = 2 (solid [red] curve), 
n = 3 (dashed [green] curve), n = 4 (dashed and dotted 
[yellow] curve) and n = 10 (dotted [blue] curve). In every 
model the solution begins from zero (the horizon), increases 
monotonically to its maximum value, and then decreases until 
it reaches the endpoint at /ill^ = ir (where (f> — > do). It can 
be verified that for every n the solution extends toward the 
same endpoint, e 2p /j(4>) = 4/a 2 , which is strictly positive. 
Hence there is no horizon after the bounce. For numerical 
convenience, we have taken I equal to the Planck length so 
that G (n+2) = P, and we have used the numerical values 
a = I = Lq = 1, (j, = 0.1 and (3 = 2. 



and 



M 
k 



a 2 (3 

2L ' 

L fj,(n 



1) _ L p,(n - 1) 



aG 



l n aG 



(47a) 
(47b) 



and rs the location of the horizon in unpolymerizcd the- 
ory, given by Eq. (TO"]), Note that in (|47b[) p, = l n [i is the 
discretization scale of the physical area variable l n <p oc r n . 
In the dimensions D = 4, D = 5. D = 6 and D = 7, the 



explicit form of Aw is, respectively, 
2G&M 



= 
= 

= 

A& = 



r 

37rr 2 
k 2 
r 

3G^M 
2?rr 3 



k 2 



k 2 

II- ~2 



l - ln \k 



k 2 



- 1 



(48a) 



(48b) 



2\ 3/2 



-el- 



k 2 



3k 2 

16G^M 
57r 2 r 4 



-e 1 



3P 
2^ 



i k 2 



3k\ r 



1 



(48c) 



(48d) 



Hence the metric depends on two parameters, M and k, 
which determine the physical properties of the solution. 
M is the mass while k gives the minimum radius of the 
spacetime and can be chosen independently of M. The 
fact that k depends on both the fiducial length scale Lq 
and on the scale parameter a raises potentially important 
questions about the predictive power of the model that 
will be addressed in detail in the next subsection. We 
first describe the general properties of the solution under 
the assumption that k is microscopically small. 

One can verify that the solution evolves from the hori- 
zon at rn to the minimum radius k in finite proper time, 
and then expands to r = oo in infinite proper time (see 
Fig. [5] for qualitative behavior) . The fact that the ex- 
pansion in the interior requires infinite amount of proper 
time can be readily seen by integrating the proper time r 
of an freely falling observer using (|44|) , which shows that 
for large r the proper time grows with a rate proportional 
to r. As the radius r expands in the interior, the metric 
(HU) approaches: 



r]« 2 

""'phys 



-dr 2 + dx 2 + r 2 dn 2 



(49) 



This asymptotic interior solution does not obey the vac- 
uum Einstein equations, but has non- vanishing stress 
tensor with 



rp X 
rji 0i 

^ a . 



T! 



1 



n(n — 1) 



1 



87rG ( n +2) r 2 

(n - l)(n - 2) 



87rG( r 



(50a) 
(50b) 



It is possible to continue the metric (J44J) analytically 
across the horizon to the exterior region. The validity of 
this extension is an open question given that our chosen 
foliation does not extend to the exterior, but the proce- 
dure seems natural in the present context as a method for 
constructing a complete semiclassical black hole space- 
time. Similar approach has been recently used, for in- 
stance, in Q. In the following, we therefore assume that 
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FIG. 2: (a) Radial coordinate r plotted as function of the proper time r of an observer in a radial free fall (4-D). The observer 
falls from the horizon to the minimum radius k within finite proper time. After the bounce the areal radius r expands without 
limit, reaching infinity in infinite proper time. Despite of its appearance, there is no cusp at the bounce, (b) Close-up near the 
bounce radius illustrates that the curve is smooth at the bounce. In both figures M = 1 and k = 0.1. 



the metric (^Hf describes the exterior region as well, with 
r as a spacelike and timelike coordinate. As we 

shall see, in 4-D the resulting black exterior closely ap- 
proximates the Schwarzschild solution whereas in higher 
dimensions the exterior solution differs from Einstein 
gravity at large (cosmological) distances. 

The fact that r = k is a coordinate singularity can be 
explicitly verified by defining a new coordinate y (39j : 



- = cosh(y). 
The metric then takes the form: 



(51) 



ds 



phys 



B (n \y- M, k)dx 2 



k 2 cosh 2 (y) 



dy 2 



B( n ){y;M, k) 
-k 2 cosh 2 (y)dnl, (52) 



where we have again absorbed 2/ a into x and defined: 



1 



co8h n_1 (y) 

167rG( n+2 >M 
ni/( n )fc n - 1 cosh"^ 1 (y)' 



cosh™ 1 (y) dy 



(53) 



An important consequence of the form of (|4"o]) is that 
the metric function is only dominated by the classi- 
cal term M/r n ~ 1 in the large r limit for n = 2 (D = 4). 
This is true both for the interior asymptotic region as well 
as the exterior. In five spacctimc dimensions, the leading 
term goes like k 2 ln(r)/r 2 , whereas in higher dimensions 
it is k 2 /r 2 . This is not a problem in the interior which 
is not asymptotically flat in any case and does not have 
a counterpart in the classical solution. However, in or- 
der to have a viable model for a quantum-corrected black 
hole, one would like the exterior to be asymptotically fiat 
in the usual sense. In D > 4 dimensions our semiclas- 
sical polymerized solutions do have vanishing curvature 
asymptotically, but they do not have a Newtonian limit 
as r — ► oo since the Poincare generators diverge with 
the given fall-off conditions. The "microscopic" quantum 
corrections to the interior dynamics have a highly non- 
trivial effect on the global properties of the solutions. 
This is a somewhat surprising result. It is nonetheless 
reassuring that for D = 4, which is the only case for 
which the corrections are well motivated by LQG con- 
siderations, the asymptotics are well behaved. We will 
provide more details of the four-dimensional solution in 
the next section. 



This coordinate system describes in a natural way one 
half of the complete spacetime: the exterior asymptotic 
region of the black hole corresponds to the limit y — ► oo, 
the horizon is located where = and the minimum 
radius on the interior occurs at y = 0. The asymptotic 
interior region corresponds to y — > — oo. 



D. Auxiliary Structures 



The importance of auxiliary structures in polymerized 



mini-supcrspace models has been emphasized in Ref. [14 1 



and now we turn our attention to these matters. In that 
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article the authors propose, in the context of loop quan- 
tum cosmology, a series of well-grounded requirements 
which should be satisfied by a consistent cosmological 
model. These requirements include independence from 
any choice related to the auxiliary structures, e.g. the 
choice of coordinates or the choice of the fiducial cell, as 
well as the existence of a well-defined classical limit and 
Planckian regime. It was found that out of the exist- 
ing models of flat isotropic cosmology, only Q was able 
to satisfy all the above conditions. Recently these ideas 
have also been re-examined and expanded in the context 
of anisotropic Bianchi I cosmology [l5| . 

Analogous requirements in the context of black hole 
interiors, however, have not been easy to fulfill. For ex- 
ample, in the work of [ll|, the quantum corrected space- 
time depended on an extra integration constant which 
was fixed by the requirement that the bounce be sym- 
metric. In [lOj, the quantization yielded a bounce that 
also depended on a scale invariant integration constant, 
so an alternative quantization scheme was proposed that 
yielded a bounce independent of extra parameters. In 
this case, however, there were quantum corrections of the 
(macroscopic) horizon properties, which violates another 
of the conditions in [14| . Our approach is no exception 
to these difficulties. The parameter k given by Eq. (|47b|) 
determines not only the scale at which the bounce oc- 
curs but also the curvature invariants at the bounce. It 
is therefore problematic that such a fundamental phys- 
ical quantity depends on the fiducial length Lq as well 
as the parameter a. In fact it is interesting to note that 
the dependence of k is on the ratio Lo/a, which in the 
classical theory is proportional to Pm (see Eg. ([23)0 . the 
momentum conjugate to the ADM mass. In the canon- 
ical theory of the full spherically symmetric spacetime 
Pm is a Dirac observable that is expressed as an integral 
over the spatial slice and invariant only under local gauge 
transformations (i.e. those that vanish on the boundaries 
of the spatial slice). It is therefore not surprising that in 
the present context it depends on both Lq and a, the 
latter, according to (f4"4")l parametrizing the residual co- 
ordinate freedom to rescale the homogeneous coordinate 
x. 

In this regard, it is important to note that the particu- 
lar combination Lq /a is invariant under rescalings of the 
homogeneous coordinate x (4p| . It is perhaps worth going 
through the argument in some detail: an examination of 
the metric parametrization (|lip reveals that under the 
rescaling x — > bx, the conformal mode e 2p — > 6 _2 e 2p , 
so that in the solution a — > ba (see for example (1411) ). 
Moreover, from the definition of Lq it is clear that rescal- 
ing the coordinate x but leaving the limits of integration 
unchanged results in Lq — > bLg. Thus, Lo/a is invariant 
as claimed. It is also useful to examine the scaling prop- 
erties of the other metric components and phase space 
variables. The lapse function scales as a — ► ba, while the 
dilaton (area) </> is invariant. Applying the above infor- 
mation to the right hand side of the expressions for the 
canonical momenta, e.g. (|30p . one finds that they are in- 



variant. One can also verify that the observables M and 
Pm as defined in (f!?5)) are invariant as well. Note that 
for the solution analytically continued to the exterior x 
becomes the time coordinate so a determines the lapse at 
infinity, or equivalently the relationship of the coordinate 
time to the proper time of an observer at infinity. This is 
normally taken to be unity in the Hamiltonian analysis 
of spherically symmetric gravity (see Ref. [3J]), but this 
need not be the case. The scale invariance of k implies 
that once k is determined for one such observer, it is in 
fact determined for all such observers. 

This nonetheless leaves a residual (scale invariant) de- 
pendence on the initial choice of fiducial cell size, which 
can be interpreted in one of two ways. The first is 
that this dependence renders the model inconsistent, as 
implied in [14|. One would then have to find a suit- 
able choice of variables and corresponding quantization 
scheme, as done in [l4[ and (l5| . which produces a model 
in which physical observables do not depend on arbitrary 
fiducial structures. 

Alternatively, one can speculate that the dependence 
on Lo/a is due to the incompleteness of the model which 
has not been derived directly from a microscopic theory 
of quantum gravity. Certainly a more complete theory 
would requires a quantum description of the auxiliary 
structures, and these features cannot be fully captured 
by this simplified mini-superspace model. The downside 
of this interpretation is that one cannot make a precise 
prediction for the value of k, even if the discreteness scale 
for area, p, is known. However, if one is interested mostly 
on the qualitative aspects of semiclassical black holes, 
it is reasonable as well as mathematically consistent to 
assume that k is of the order of the Planck scale, in the 
hope that the its actual value can be derived later from 
a more complete theory. While this approach is the one 
we adopt in the subsequent discussion, it is an important 
open question worthy of further study as to whether or 
not it can be justified at a more fundamental level. 



E. Fully Polymerized Theory 

For completeness we shall now present the results of 
the fully polymerized theory, where we introduce funda- 
mental discreteness not only to the dilaton (f> but also to 
the variable p. The fully polymerized Hamiltonian con- 
straint is 

g = ^sinWsinW + Loe i P J^ „ o, (54) 



Lq p 



/' 



2l 2 G 



where p denotes the dimensionless polymerization scale 
associated with the variable p. From this equation the 
time derivatives of p and (j) are obtained as 



cos (p^lp) 
sin(/ffl p ) 



jin^n^) _ L p 
p oG ' 

Lp<j) 
' oG ' 



^n ) 



(55a) 
(55b) 
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The time derivatives of the momenta are unchanged. 

We again search for a solution to the corresponding 
Hamilton- Jacobi equation in the form S = f(p)+ g(4>) to 
find 

S=-i/arcsin^^U 



arcsm . 
p .1 \ alG 



21G 
L pV 



(56) 



where a and C are constants as before. The expressions 
for the momenta are now: 

dS 1 fL pV\ 

n p = ^ = -iarcsin(^^). (57b) 

Note that in the fully polymerized theory (f> has the same 
lower bound as before, Eq. (|33|) . whereas e 2p is bounded 
above: 



3 2p < 



21G 

Lop,a 



(58) 



The solution for p in terms of <p can be extracted from 
the equation 



P 

where Ii(4>) is given in Eq. (|37|) while 

1 . / L pae 2p 
Hp) := 2^ arCSm (fW" 

= -±n, 

2a 9 



(59) 



(60) 



Hence we have: 



»2p 



21G 
Lgap 



sm{2pa(3-2jial 1 (4))/p). (61) 



All other </> dependence is unchanged, so we can write 
down the metric directly in terms of r: 



ds 



dr 2 



phys 



0>(r;M,*)(l-£) 
+C^(r;M,k)(^j + rW, (62) 



where 



Q{n) ._ 



1 rS 



4fcM r 1 ^ 



sin 4fcM - AkM 



(n-1) 



„n— 1 r 



(63) 

M and fc are again given by (|47[) and we have defined 
k = ApL^/a which is again scale invariant. As before 
the dependency on the fiducial cell size persists, so this 



solution is subject to the same criticism as the partially 
polymerized solution. 

The emergence of the sine function in the fully poly- 
merized metric gives rise to a black hole spacetime that 
is qualitatively different from the partially polymerized 
case. There will be horizons whenever the argument of 
the sine function in (|63[) equals multiples of tt. Taking 
the initial value of pH p to be in the principal branch, 
the event horizon is located at the surface where the ar- 
gument of the sine is zero. (For consistency with the 
previous section, the initial value of pll^, is also taken to 
be in the principal branch.) After the initial condition at 
the event horizon has been fixed, the qualitative behavior 
of the solution depends on the relative magnitude of M, 
k and k. 

Because rf™' is an increasing function of r, the solu- 
tion has at least one inner horizon if AkM > tt. To be 
more precise, the number of the inner horizons is equal to 
the largest positive integer m which satisfies AkM > mix. 
The inner horizons may be unstable due to mass inflation 
[4l| . Again, there is a "bounce" at the minimum value of 
the radius, k, as well as a new interior region, correspond- 
ing to the values tt/2 < pH^ < tt (where e = —1). Note, 
however, that the new interior region consists of an infi- 
nite sequence of static and non-static regions separated 
by horizons. This makes it rather difficult to analyze 
the structure of the interior spacetime in detail, and be- 
cause of this one may rather wish to construct a Reissner- 
Nordstrom type of spacetime by analytically joining to- 
gether two copies of the interior. Such black hole scenar- 
ios have been recently considered in LQG @, [l2j. 

We also note that there is no obvious way to extend the 
fully polymerized metric (|62[) to the exterior region out- 
side the black hole. Indeed, because of the sine function 
in the metric, the resulting exterior spacetime would also 
consist of an infinite sequence of static and non-static re- 
gions separated by horizons, in a similar way as in the 
case of the interior region after the bounce. We leave this 
matter open for future consideration. 



4-D SCHWARZSCHILD BLACK HOLE 



Much of the current research in singularity avoidance 
concentrates on four dimensional black holes, which have 
particular physical relevance. We therefore now review 
and expand on our earlier results [l(| for the partially 
polymerized solution specifically in four spacetime di- 
mensions. This solution has certain properties, most no- 
tably the asymptotic behaviour, which differ in crucial 
ways from those of the higher dimensional solutions. Af- 
ter describing the details of the solution, we shall derive 
the corrections to the black hole temperature and entropy 
caused by partial polymerization. 
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The solution 



In terms of the radial coordinate r, the metric of the 
partially polymerized 4-D spacetime is 

dr 2 



III 



d« 2 

" J phys 



/2MG< 4 ' 

\—r- 



e\ 1 



k 2 



dx 2 +r 2 dtl 2 , (64) 



which has a single bifurcative horizon at: 



r H := J(2MGW) 2 + k 2 . 



(65) 



As before, the solution evolves from the horizon at th 
to the minimum radius k in finite proper time, and then 
expands to r — oo in infinite proper time. For large r in 
the interior, the metric approaches: 

-l 



ds 2 
u "'phys 



1 



- 2 dn 2 . 



dr 2 



1 



2MG^ \ 



dx 2 



(66) 

The asymptotic interior solution has non- vanishing stress 
tensor with T,J = T£ oc — 1/r 2 . Note that the angular 
components of the stress tensor are zero. This corre- 
sponds to an anisotropic perfect fluid that has been re- 
cently considered in a model of the Schwarzschild interior 

H. 

It is again convenient to represent the metric of the 
complete spacetime in terms of the coordinate y of (1ST 
for which the metric takes the form: 



d« 2 

u,, phys 



sinh(y) 2MG^ \ 

My)) 



k cos 



cosh(y) 

sinh(y) 2MG< 4) 2 
cosh(y) fccosh(y) / 



dx 2 + k 2 cosh 2 (y) x 



d& 



(67) 



The exterior asymptotic region of the black hole corre- 
sponds to the limit y — > oo, and the asymptotic inte- 
rior region corresponds to y — > — oo. The Ricci and 
Krctschmann scalars are nonsingular for all y and vanish 
rapidly for large, positive y. A conformal diagram of the 
complete quantum corrected spacetime is given in Fig. ([3]) 

The nonzero components of the Einstein tensor in the 
above coordinates are: 



G* = -pi - p 2 
Gt = -P2, 

Gl = G} - 



1 



Pi, 



(68) 



where 



Pi 



4MG (4) - 2fcsinh(y) 
k 3 cosh 5 (y) 



Pi = 



k 2 cosh (y) 



(69) 



nr 



FIG. 3: Conformal diagram of the partially polymerized 
Schwarzschild spacetime. The complete spacetime includes 
two exterior regions (I an I'), the black hole and the white 
hole interior regions (II and IP), and two "quantum corrected" 
interior regions (III and III'). The classical singularity is re- 
placed by a bounce at r = r m i n and subsequent expansion to 



For large y, we have p\ — > ±2k 2 /r 4 with the +, — signs 
corresponding to the interior and exterior, respectively. 
Moreover, p2 — * fc 2 /(2r 4 ) in the exterior, whereas it goes 
to 2/r 2 in the interior. Hence the violations of the clas- 
sical energy conditions are of order k 2 /r 4 which makes 
them vanishingly small far from the bounce radius r = k. 
However, the quantum stress energy in the interior space- 
time does not vanish in the limit where k — > 0. Instead, 
the asymptotic region "pinches off" in this limit at the 
curvature singularity at r = 0, leaving behind the stan- 
dard, complete but singular Schwarzschild spacetime and 
two disconnected, time-reversed copies of the (singular) 
cosmological spacetime. 



B. Temperature and Entropy 

One of the advantages of partial polymerization is 
that the polymerized metric can be naturally extended 
across the black hole horizon to the exterior region, giving 
rise to a complete, quantum-corrected black hole space- 
time. The exterior region of the resulting spacetime is 
static and spherically symmetric, which makes it rather 
straightforward to obtain expressions for black hole tem- 
perature and entropy. 

The general derivation of black hole temperature in 
spherically symmetric 4-D spacetimes has been consid- 
ered by several authors. Recent studies include Ref. 
[43l | , where the temperature has been obtained using the 
Hamilton- Jacobi tunneling method, as well as Ref. 
which uses an analysis based on the Bogoliubov transfer- 
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mations. Defining a new radial coordinate R by 



VI. CONCLUSIONS 



dr I k 2 
dR = 



(70) 



the metric in the exterior region of the partially polymer- 
ized 4-D spacetime becomes: 



dR 2 



ds' hys = —F(R) dti + — — + r(fl)W, 



(71) 



where t$ = 2x/a is a Minkowski time coordinate at 
asymptotical infinity and 



F(R) :=Jl 



k 2 



r(R) 2 



r(R) 



(72) 



The temperature of a corresponding macroscopic black 
hole can be written as [H, Q, |4f| : 



T 



1 fdF 



(73) 



which represents the temperature measured by an inertial 
observer at asymptotic infinity. Note that this temper- 
ature can be also obtained by considering the Euclidean 
section of the metric (|71[) and requiring periodicity. 
A straightforward calculation now shows that 



T = 



'h 



M 
1 



8irM 64ttAP 



1/2 



47rr| 



(74) 



where we have, for the sake of brevity, taken = 1 . It 
is natural to interpret the ADM mass M as the energy 
of the black hole so that the entropy S can be obtained 
from the relation: 



dS 
dM 



1 

T' 



As expected, the lowest order correction to 
Bekenstein-Hawking entropy law is logarithmic: 



s = \a s 



^\n(A s ) + S + O(As 1 ), 



where 



A s = Airri = 16ttA/ 



f2 



(75) 
the 

(76) 
(77) 



is the area of the horizon in the unpolymcrized theory, 
and So is a constant. 

Note that the positive sign of the prefactor is non- 
standard and disagrees with the corrections arising from 
LQG [2l|, as well with some other approaches [22|, Un- 
interestingly, it does agree with the results found in 
[25l | . The precise correspondence with [25[ is obtained 
by choosing k = y /, 2m/ir, where m is a natural number 
and it should be recalled that k is given in Planck units. 



We have presented analytic solutions to the ef- 
fective polymerized dynamics of higher dimensional 
Schwarzschild black hole interiors using the formalism 
of generic dilaton gravity as a starting point. The quan- 
tum corrected solutions generically contain two indepen- 
dent physical parameters, the mass M and the bounce 
radius k. Both are invariant under rescalings of the ho- 
mogeneous coordinate, but the latter does depend on 
the choice of fiducial cell length Lq. As argued in [l4[ 
this suggests that further study is needed to obtain com- 
pletely satisfactory singularity resolution. However, the 
model may turn out useful in the study of qualitative be- 
havior of semiclassical black hole spacetimes. Under the 
assumption that k is of the order of the Planck scale, one 
obtains a 4-D solution with compelling features: there 
is a single bifurcative horizon. On the interior the so- 
lution reaches a minimum radius k before expanding 
into a Kantowski-Sachs type cosmological solution. The 
exterior black hole spacetime has quantum corrections 
due to the semiclassical polymerization that drop off as 
0(k 2 /r 2 ) and hence are very small near the horizon of 
macroscopic black holes. 

In higher dimensions the quantum corrections in the 
exterior spacetime solution do not drop off fast enough 
to allow a straightforward definition of the Poincare gen- 
erators. They are not asymptotically flat in the usual 
sense. It is interesting that the polymerization seems to 
yield a sensible quantum corrected black hole spacetime 
only in 4-D. Given that the polymerization is primarily 
motivated by Loop Quantum Gravity, which in turn has 
only been formulated in four dimensions, perhaps this is 
to be expected. 

Finally, we note that the angular part of the space- 
time metric is irrelevant when calculating the tempera- 
ture of a macroscopic black hole, and because of that it 
should be straightforward to generalize the temperature 
(|73[) for arbitrary dimension D. Indeed, Euclidean argu- 
ments immediately show that (|73| holds regardless of the 
spacetime dimension, and using (|45[) we find that 



T = 



(78) 



47ITH 

where rn is given implicitly by the solution to ([42]) . A 
complete treatment of the thermodynamical properties 
for D > 4 must however be treated with caution, given 
the non-standard asymptotic behavior of the solution. 
This will be left for future consideration. 
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